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Abstract
We propose a simple systematic method for giving a$rmative answers to the recognition problem on
Cr right}left equivalence of two given C= map-germs by constructing germs of Cr di!eomorphisms directly
from a given Cr K-equivalence (1)r)R). By using this method, we shall give several su$cient conditions
for Cr right}left equivalence of two given C= map-germs. In the case that r"R, our conditions characterize
C= right}left equivalence of two given C= map-germs completely. Thus, we may answer the C= recognition
problem completely by using our conditions in principle. ( 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Two C= map-germs f , g : (Rn, 0)P(Rp, 0) are said to be Cr right}left equivalent if there exist
germs of Cr di!eomorphisms s :(Rn, 0)P(Rn, 0) and t : (Rp, 0)P(Rp, 0) such that
f (x)"t " g " s(x) (1)r)R), that is to say, if f and g coincide under germs of appropriate
Cr co-ordinate systems of (Rn, 0) and (Rp, 0).
The most natural and di$cult problem concerning Cr right}left equivalence is the following
Cr recognition problem.
Problem 1.1. For two given C= map-germs f , g : (Rn, 0)P(Rp, 0), decide whether or not f and g are
Cr right}left equivalent.
0040-9383/01/$ - see front matter ( 2001 Elsevier Science Ltd. All rights reserved.
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In the case that f or g is of full rank (resp. linear), the implicit function theorem (resp. the rank
theorem) answers the C= recognition problem completely. Apart from these classical cases, there is
a celebrated deep result due to Mather, which replaces the C= recognition problem with the easier
recognition problem on K-equivalence in the case that both of f and g are C= stable [20].
Besides Mather’s classi"cation theorem, there are many important results which may be
regarded as partial a$rmative answers to the C= recognition problem. Among these are results on
estimates of the order of C= determinacy due to Mather, Martinet, Belitskii, Ga!ney, du Plessis,
Wilson and Wall [1,7}9,17,28,34,35], for an excellent survey on this topic, see [34], on M-
determinacy due to Ga!ney and du Plessis [10,11,28], on classi"cations of A-simple map-germs
due to Bruce, Ga!ney, Mond, Rieger, Ruas, Marar, Tari, Ratcli!e, Kirk, du Plessis, Gibson, Hobbs,
Houston, West and Nogueira [3}5,12,13,16,21,27,30}33], for an excellent survey on this topic, see
[2], on the relation between right}left equivalence andK
V
-equivalence due to Damon [6] and on
algebraic characterization due to Ga!ney [7,34]. However, we should say that our knowledge on
the recognition problem is still very limited.
In this paper, we propose a simple systematic method for giving a$rmative answers to the
Cr recognition problem (1)r)R) by constructing germs of Cr di!eomorphisms directly from
a given Cr K-equivalence. By using this method, we shall give several su$cient conditions for
Cr right}left equivalence of two given C= map-germs. One of our main results (Theorem 1.2) yields
a Cr generalization of the above Mather’s classi"cation theorem. In the case that r"R, our
conditions characterize C= right}left equivalence of two given C= map-germs completely (The-
orem 1.4). Thus, in principle, we may answer the C= recognition problem completely by using our
conditions. Some examples of our method in use are given in Section 2.
For a given C= map-germ f : (Rn, 0)P(Rp, 0), any Cr map-germ U : (Rn]Rk, (0, 0))P(Rp, 0) such
that U (x, 0)"f (x) is called a Cr deformation-germ of f. A Cr deformation-germ
U : (Rn]Rk, (0, 0))P(Rp, 0) of f : (Rn, 0)P(Rp, 0) is said to be Cr trivial if there exist germs of
Cr di!eomorphisms h :(Rn]Rk, (0, 0))P(Rn]Rk, (0, 0)) and H :(Rp]Rk, (0, 0))P(Rp]Rk, (0, 0)) such
that the following diagram (*) commutes, where n :(Rn]Rk, (0, 0))P(Rk, 0),n@ : (Rp]Rk, (0, 0))P
(Rk, 0), are canonical projections.
(*)
Given C= map-germs f, g : (Rn, 0)P(Rp, 0), a germ of a Cr di!eomorphism s : (Rn, 0)P(Rn, 0), and
a Cr map-germ M :(Rn, 0)P(G‚(p,R),M(0)) we de"ne conditions (a)}(d).
(a) f (x)"M(x)g(s(x)).
(b) The Cr map-germ F : (Rn]Rp, (0, 0))P(Rp, 0) given by
F(x, j)"f (x)!M(x)j
is a Cr trivial deformation-germ of f.
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(c) The Cr map-germ G : (Rn]Rp, (0, 0))P(Rp, 0) given by
G(x, j)"g(x)!M(s~1(x))~1j
is a Cr trivial deformation-germ of g.
(d) The germ (H(M0N]Rp), 0) is transverse to the germ (M0N]Rp, 0), where H is the germ of
a Cr di!eomorphism of (Rp]Rp, 0) given in the above commutative diagram (*) with k,U
replaced by p,F.
We will consider the following conditions on f, g.
(i
3
) f and g are Cr right}left equivalent.
(ii
3
) There exist a germ of a Cr di!eomorphism s : (Rn, 0)P(Rn, 0) and a Cr map-germ
M : (Rn, 0)P(G‚(p,R),M(0)) such that (a) and (b) are satis"ed.
(iii
3
) There exist a germ of a Cr di!eomorphism s : (Rn, 0)P(Rn, 0) and a Cr map-germ
M : (Rn, 0)P(G‚(p,R),M(0)) such that (a)}(c) are satis"ed.
(iv
3
) There exist a germ of a Cr di!eomorphism s : (Rn, 0)P(Rn, 0) and a Cr map-germ
M : (Rn, 0)P(G‚(p,R),M(0)) such that (a), (b) and (d) are satis"ed.
Note that (iii
3
)N(ii
3
) and (iv
3
)N(ii
3
) for (1)r)R). The condition (iii
3
) is introduced from the
view point of the generalization of Mather’s classi"cation theorem. Conditions (ii
3
) and (iv
3
) are
variants of (iii
3
).
First, we consider rank zero cases.
Theorem 1.1. Let f, g : (Rn, 0)P(Rp, 0) be C= map-germs with rank zero. Then condition (ii
3
) implies
condition (i
3
) for 1)r)R.
Next, we consider positive rank cases.
Example 1.1. Let f, g : (R2, 0)P(R2, 0) be given by
f (x
1
, x
2
)"(x
1
, x3
2
#x
1
x
2
),
g (x
1
, x
2
)"(x
1
, x3
2
),
and M : (R2, 0)P(G‚(2,R),E
2
) be given by
M(x
1
,x
2
)"C
1 0
x
2
1D,
where E
2
is the unit 2]2 matrix. Then f (x
1
, x
2
)"M(x
1
, x
2
)g(x
1
, x
2
).
It is well known that any C= deformation-germ of the map-germ f is C= trivial. Thus, condition
(ii
=
) is satis"ed. However, for any 1)r)R condition (i
3
) does not hold (in fact, f and g are even
not topologically right}left equivalent).
This example shows that condition (ii
3
) does not necessarily imply condition (i
3
) in positive rank
cases. Nevertheless, the following holds under no assumptions.
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Theorem 1.2. Let f, g : (Rn, 0)P(Rp, 0) be C= map-germs. Then condition (iii
3
) implies condition (i
3
)
for 1)r)R.
A C= map-germ f : (Rn, 0)P(Rp, 0) is said to be Cr stable if every C= deformation-germ of f is
Cr trivial. (There are several apparently di!erent de"nitions of Cr stability. For the relation between
them, see [29]. Our de"nition of Cr stability is called P-Cr stability in [29].) As a corollary of
Theorem 1.2, we obtain a Cr generalized Mather’s classi"cation theorem.
Corollary 1.1 (Cr generalization of Mather’s classi"cation theorem). Let f, g : (Rn, 0)P(Rp, 0) be
Cr stable map-germs (1)r)R). If there exist a germ of a C= diweomorphism s : (Rn, 0)P(Rn, 0)
and a C= map-germ M : (Rn, 0)P(G‚(p,R),M(0)) such that f (x)"M(x)g(s(x)), then f and g are
Cr right}left equivalent.
Another application of Theorem 1.2 is the following.
Corollary 1.2 (du Plessis’s classi"cation theorem). Let f, g : (Rn, 0)P(Rp, 0) be C= map-germs.
Suppose that there exist a germ of a C= diweomorphism s : (Rn, 0)P(Rn, 0) and a C= map-germ
M : (Rn, 0)P(G‚(p,R),M(0)) such that f (x)"M(x)g(s(x)). Suppose, furthermore, that there exists an
integer l (l*0) such that
(a) each entry of M!M(0) belongs to ml‘1
x
,
(b) ml
x
h( f )L„
e
A( f ) and
(c) ml
x
h(g)L„
e
A(g).
Then f and g are C= right}left equivalent.
For in"nitesimal notations used in Corollary 1.2, see [22,28] or [34]. Corollary 1.2 was stated
(but not proved) "rst by du Plessis [28, p. 128]. Conditions (a) and (b) (resp. (a) and (c)) of Corollary
1.2 imply the C= triviality of f (x)!M(x)j (resp. g(x)!M(s~1(x))~1j). Thus, Corollary 1.2 follows
from Theorem 1.2 (for details, see [22]).
It is desirable that we have a criterion for Cr right}left equivalence which is as easily calculated as
possible. Thus, we prefer the Cr triviality of the linearly parametrized deformation-germ of only one
of f or g to those of both of f and g, even though Theorem 1.2 is interesting in itself. However,
condition (ii
3
) is too weak in positive rank cases for our purpose as Example 1.1 shows. Since
checking transversality is much easier than doing local triviality, we are led to condition (iv
3
).
Theorem 1.3. Let f, g : (Rn, 0)P(Rp, 0) be C= map-germs. Then condition (iv
3
) implies condition (i
3
)
for 1)r)R.
It turns out that Theorem 1.3 is quite useful for calculations (see Section 2 and [25]).
In the case that r"R, we have:
Theorem 1.4. For any C= map germs f, g : (Rn, 0)P(Rp, 0), the following hold:
(1) (i
=
)Q (iii
=
) Q (iv
=
).
(2) (i
=
)Q (ii
=
)Q (iii
=
) Q (iv
=
) if the rank of f is zero.
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In Section 2, we give several examples. In Section 3, we explain the key idea for our study. Proofs
of Theorems 1.1 and 1.3 are given in Section 4. The proof of Theorem 1.2 is given in Section 5.
Finally, Theorem 1.4 is proved in Section 6.
2. Examples
For the sake of clearness, we adopt the following notations only in this section. We denote
standard coordinates in the source space by lower case letters x, y, z and standard coordinates in
the target space by upper case letters X,>,Z (and ; for Example 2.1).
All examples given here (2.1)}(2.3) are shown as applications of Theorem 1.3 and do not require
any special notions of Singularity Theory in principle. However, in order to clarify the advantage of
our method over the earlier ones, we recall several (well-known) notions of Singularity Theory in
remarks. For the general reference of these notions, see [34]. For examples which require
in"nitesimal notions, see [22,25].
All examples are exact classi"cations of given families in a recognizable way. Note that these
classi"cations are not classi"cations of families of jets, but classi"cations of families of map-germs.
In other words, we never truncate higher terms.
2.1.
Let f, fa : (R3, 0)P(R4, 0) be given by
f (x, y, z)"(x, y2z,xy3, z),
fa (x, y, z)"(x, y2z, axy3#y3z#xy5z2#y7z2, z),
respectively, where a3R.
Assertion 2.1. fa is C= right}left equivalent to f if aO0.
Remark 2.1.1. (1) The topological closure of the inverse image of double point set by f (resp. by f
0
)
is a smooth submanifold (resp. not a smooth submanifold) of R3. Thus, f and f
0
are not
C= right}left equivalent.
(2) Since f~1a (0)"y-axis, fa is not "nitely K-determined by the geometric characterization
[7,34]. Thus, we cannot expect to use any results on "nitely K-determined map-germs.
(3) In spite of the above remarks, Assertion 2.1 can be proved also by using the Thom}Levine
criterion [15] (for details, see Remark 2.1.2(3)).
(4) However, there are two merits of our method.
Our method does not require makeshift coordinate manipulations. Our method works at
a stretch.
Furthermore, as by-products of proving Assertion 2.1 by our method, we can easily obtain
simple concrete forms of germs of C= di!eomorphisms which give C= right}left equivalence of
fa and f for aO0 (for details, see Remark 2.1.2(2)). On the other hand, if we use the standard
T. Nishimura / Topology 40 (2001) 433}462 437
method, then it seems to be not so easy to obtain such concrete forms of germs of C= di!eomor-
phisms which give C= right}left equivalence of fa and f for aO0.
Proof of Assertion 2.1. We see that
f (x, y, z)"C
1 0 0 0
0 1 0 0
(1!a)y3!y5z2 !y5z 1 !y3
0 0 0 1 D fa (x, y, z).
Thus, condition (a) of (iv
=
) is satis"ed.
We consider the C= deformation-germ of f given by
Fa (x, y, z, j1 , j2 , j3 , j4)"f (x, y, z)!C
1 0 0 0
0 1 0 0
(1!a)y3!y5z2 !y5z 1 !y3
0 0 0 1 D C
j
1
j
2
j
3
j
4
D.
It is clear that
!LFa
Lj
3
" L
LZ
.
We see that
!LFa
Lj
4
"C
0
0
!y3
1 D"! LLx( f )# LLX# LL;
"! L
Lx
(Fa )#
L
LX
# L
L;
and
!LFa
Lj
2
"C
0
1
!y5z
0 D" LL>#C
0
0
!y5z
0 D
" L
L>
!y2z L
Lx
( f )#y2z L
LX
"!y2z L
Lx
(Fa)#(>#j2)
L
LX
# L
L>
.
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Furthermore,
!LFa
Lj
1
"C
1
0
(1!a)y3!y5z2
0 D" LLX#C
0
0
(1!a)y3!y5z2
0 D
" L
LX
#(1!a) L
Lx
( f )!(1!a) L
LX
!y2z2 L
Lx
( f )#y2z2 L
LX
"(1!a!y2z2) L
Lx
(Fa )#(a#(>#j2)(;#j4 ))
L
LX
.
Put
m
1,a"(1!a!y2z2)
L
Lx
, m
2,a"!y2z
L
Lx
, m
3,a"0, m4,a"!
L
Lx
and
g
1,a"!(a#(>#j2)(;#j4 ))
L
LX
, g
2,a"!(>#j2 )
L
LX
! L
L>
,
g
3,a"!
L
LZ
, g
4,a"!
L
LX
! L
L;
.
Then, we have
!LFa
Lj
i
"m
i,a(Fa)!gi,a " (Fa ,n) (i"1, 2, 3, 4), (2.1)
where n (x, y, z, j
1
, j
2
, j
3
, j
4
)"(j
1
, j
2
, j
3
, j
4
). Furthermore, note that
g
1,a(0, 0)"!a
L
LX
, g
2,a (0, 0)"!
L
L>
,
g
3,a(0, 0)"!
L
LZ
, g
4,a (0, 0)"!
L
LX
! L
L;
.
(2.2)
By (2.1), integrating germs of C= vector "elds
m
i,a#
L
Lj
i
, g
i,a#
L
Lj
i
(i"1, 2, 3, 4)
yields germs of C= di!eomorphisms
h~1a : (R3]R4, (0, 0))P(R3]R4, (0, 0)),
H~1a : (R4]R4, (0, 0))P(R4]R4, (0, 0)),
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such that the following diagram commutes.
Thus, condition (b) of (iv
=
) is satis"ed.
Since
LH~1a
Lj
i
"g
i,a#
L
Lj
i
(i"1, 2, 3, 4),
by (2.2) we see if aO0 then the germ (H~1a (M0N]R4), (0, 0)) is transverse to the germ (M0N]R4, (0, 0))
and therefore (Ha(M0N]R4), (0, 0)) is transverse to the germ (M0N]R4, (0, 0)). Thus, condition (d) of
(iv
=
) is also satis"ed if aO0.
By Theorem 1.3, fa is C= right}left equivalent to f if aO0. h
Remark 2.1.2. (1) The following equality also holds:
f (x, y, z)"C
1 0 0 0
0 1 0 0
(1!a)y3!y5z2 !y!y5z 1 0
0 0 0 1D fa (x, y, z).
However, in this case we see that
f (x, y, z)!C
1 0 0 0
0 1 0 0
(1!a)y3!y5z2 !y!y5z 1 0
0 0 0 1D C
j
1
j
2
j
3
j
4
D
is not C= trivial. Thus, this example shows that for our method we have to seek a suitable matrix in
advance.
(2) Since vector "elds
m
i,a , gi,a (i"1, 2, 3, 4)
are concrete and simple, we can obtain concrete forms of germs of C= di!eomorphisms h~1a and
H~1a (aO0) by solving di!erential equations directly. Since our method is constructive (see Section
3), we can obtain concrete forms of germs of C= di!eomorphisms sa and ta which give C= right}left
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equivalence of f (x, y, z) and fa (x, y, z) for aO0 as follows.
Let N
i,a : (R]R3, (0, 0))P(R3, 0) be the germ of the local #ow of mi,a (i"1, 2, 3, 4). Then, we have
N
1
(j
1
; N
2
(j
2
; N
3
(j
3
; N
4
(j
4
; (x, y, z)))))"N
1
(j
1
; N
2
(j
2
; N
3
(j
3
; (x!j
4
, y, z))))
"N
1
(j
1
; N
2
(j
2
; (x!j
4
, y, z)))
"N
1
(j
1
; (x!j
4
!y2zj
2
, y, z))
"(x!j
4
!y2zj
2
#(1!a!y2z2)j
1
, y, z).
Thus, we have
ha((x, y, z),(j1 , j2 , j3 , j4 ))"((x#j4#y2zj2!(1!a!y2z2)j1 , y, z),(j1 , j2 , j3 , j4))
and therefore
ha((x, y, z), fa (x, y, z))"((x#z#y4z2!(1!a!y2z2)x,y, z), fa (x, y, z))
"((ax#z#xy2z2#y4z2,y, z), fa (x, y, z)).
Put
sa (x, y, z)"(ax#z#xy2z2#y4z2, y, z).
Next, let H
i,a : (R]R4, (0, 0))P(R4, 0) be the germ of the local #ow of gi,a (i"1, 2, 3, 4). Then, we
have
H
1
(j
1
; H
2
(j
2
; H
3
(j
3
; H
4
(j
4
; (X,>,Z,;)))))
"H
1
(j
1
; H
2
(j
2
; H
3
(j
3
; (X!j
4
,>,Z,;!j
4
))))
"H
1
(j
1
; H
2
(j
2
; (X!j
4
,>,Z!j
3
,;!j
4
)))
"H
1
(j
1
; (X!j
4
!>j
2
,>!j
2
, Z!j
3
,;!j
4
))
"(X!j
4
!>j
2
!(a#>;)j
1
,>!j
2
, Z!j
3
,;!j
4
).
Thus, by putting
H
1,a"X#j4#(>#j2 )j2#(a#(>#j2 )(;#j4))j1 ,
we have
Ha ((X,>,Z,;),(j1 , j2 , j3 , j4))"((H1,a ,>#j2 , Z#j3 ,;#j4),(j1 , j2 , j3 , j4))
and therefore
Ha ((0, 0, 0, 0),(j1 , j2 , j3 , j4 ))"((aj1#j4#j22#j1j2j4 , j2 , j3 , j4 ),(j1 , j2 , j3 , j4 )).
Put
ta (X,>,Z,;)"(aX#;#>2#X>;,>,Z,;).
Then, we see
f " sa(x, y, z)"ta " fa (x, y, z)
as desired (for details see Section 3).
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(3) We show Assertion 2.1 by using the Thom}Levine criterion.
The standard interpolation
(1!t) f (x, y, z)#tfa (x, y, z)
does not work well for a(0 since this is not C= trivial at t"1/(1!a). Thus, "rst we try to reduce
redundant higher terms of fa . Let FI a be the one parameter family given by
FI a (x, y, z, t)"(x, y2z, axy3#ty3z#txy5z2#ty7z2, z).
Then, for aO0 and at t"t
0
we have
C
0
0
y3
0 D"!1a LLx(FI a)#1aC
0
0
y5z2
0 D(t!t0)#1aC
1
0
t
0
y5z2
0 D
"!1
a
L
Lx
(FI a)#
1
a
L
LX
#1
a
y2z2tC
0
0
y3
0 D.
Thus,
C
0
0
y3
0 D"! 1(a!y2z2t) LLx(FI a)# 1(a!>;t) LLX
and
!LFI a
Lt
"C
0
0
y3z#xy5z2#y7z2
0 D
"!(z#xy2z2#y4z2)
(a!y2z2t)
L
Lx
(FI a)#
(;#X>;#>2)
(a!>;t)
L
LX
.
Therefore, by the Thom}Levine criterion [15], fa and
fI a (x, y, z)"(x, y2z, axy3, z)
are C= right}left equivalent if aO0.
Since it is easy to see that fI a and f are C= right}left equivalent if aO0, fa and f are C= right}left
equivalent if aO0. h
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2.2.
Let ga : (R3, 0)P(R3, 0) be given by
ga (x, y, z)"(x,xy#yz#z2, axy#y2),
where a3R.
Assertion 2.2. ga is C= right}left equivalent to g0 if aO!4.
Remark 2.2.1. (1) By using ‘Transversala (elaborated by Kirk in [14]), we see that the codimension
of „A(ga) in J4(3,3) is 12 for aO!4 and the codimension of „A(g~4 ) in J4(3,3) is 17. Thus,
ga and g~4 are not C= right}left equivalent for aO!4.
(2) Since (0, 0,xiz) is not contained in „A(g
0
) for any i3N, g
0
is not "nitely A-determined by
Mather’s characterization [19]. By Assertion 2.2, ga is not "nitely A-determined for any a3R.
However, by the geometric characterization [7,34] ga is "nitelyK-determined for any a3R. Thus,
ga is expected to behave better than fa in Example 2.1. Nevertheless, the existence of a degenerate
parameter value (a"!4) prevents us from using the Ga!ney}du Plessis criterion ((1.23) of [11]).
(3) As by-products of proving Assertion 2.2 by our method, we can easily obtain simple concrete
forms of germs of C= di!eomorphisms
sa , ta : (R3, 0)P(R3, 0),
which give C= right}left equivalence of ga and g0 for aO!4.
(4) In spite of Remark 2.2.1(2), by using the Thom}Levine criterion [15] we can obtain concrete
forms of C= map-germs
s8 a , tI a : (R3, 0)P(R3, 0)
such that
(a) s8 a , tI a are germs of C= di!eomorphisms if a’!4,
(b) g
0
" s8 a"tI a " ga if a’!4.
Furthermore, since s8 a and tI a are concrete, we see directly
(c) s8 a , tI a are germs of C= di!eomorphisms even if a(!4,
(d) g
0
" s8 a"tI a " ga even if a(!4.
Thus, Assertion 2.2 can be proved also by using the Thom}Levine criterion and obtaining integral
curves of vector "elds explicitly.
(5) However, there are two merits of our method.
First, in our method, concrete forms of sa and ta are merely by-products. We do not need such
concrete forms to prove Assertion 2.2. For our method, concrete forms of constant terms of vector
"elds are su$cient. On the other hand, concrete forms of s8 a and tI a are absolutely necessary if we
want to prove Assertion 2.2 by the standard method. Without obtaining integral curves of vector
"elds explicitly (without further makeshift calculations), we cannot pass beyond a"!4 when we
use the standard method. In other words, our method is simpler and more systematic than the
standard method.
T. Nishimura / Topology 40 (2001) 433}462 443
Second, even for calculations for concrete forms of germs of C= di!eomorphisms, our method is
much easier than the standard method.
Proof of Assertion 2.2. We see that
g
0
(x, y, z)"C
1 0 0
0 1 0
!ay 0 1D ga (x, y, z).
Thus, condition (a) of (iv
=
) is satis"ed.
We consider the C= deformation-germ of g
0
given by
Ga(x, y, z,j1 , j2 , j3 )"g0(x, y, z)!C
1 0 0
0 1 0
!ay 0 1DC
j
1
j
2
j
3
D.
It is clear that
!LGa
Lj
2
" L
L>
and !LGa
Lj
3
" L
LZ
.
Furthermore, we see that
!LGa
Lj
1
"C
1
0
!ayD" LLX#C
0
0
!ayD
" L
LX
!a
2
L
Ly
(g
0
)#a
2C
0
x#z
0 D
" L
LX
!a
2
L
Ly
(Ga )!
a
2C
0
0
!aDj1#a2C
0
x
0D#a2C
0
z
0D
" L
LX
!a
2
L
Ly
(Ga )#
a2
2
j
1
L
LZ
#a
2
(X#j
1
)
L
L>
#a
4
L
Lz
(g
0
)!a
4C
0
y
0D
" L
LX
!a
2
L
Ly
(Ga )#
a2
2
j
1
L
LZ
#a
2
(X#j
1
)
L
L>
#a
4
L
Lz
(Ga)!
a
4
L
Lx
(g
0
)#a
4
L
LX
"A!
a
4
L
Lx
!a
2
L
Ly
#a
4
L
LzB(Ga )#
(4#a)
4
L
LX
#a
2
(X#j
1
)
L
L>
#a2
2
j
1
L
LZ
.
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Put
m
1,a"!
a
4
L
Lx
!a
2
L
Ly
#a
4
L
Lz
, m
2,a"0, m3,a"0
and
g
1,a"!
(4#a)
4
L
LX
!a
2
(X#j
1
)
L
L>
!a2
2
j
1
L
LZ
, g
2,a"!
L
L>
, g
3,a"!
L
LZ
.
Then, we have
!LGa
Lj
i
"m
i,a(Ga )!gi,a " (Ga , nj ) (i"1, 2, 3) (2.3)
and
g
1,a (0, 0)"!
(4#a)
4
L
LX
, g
2,a (0, 0)"!
L
L>
, g
3,a (0, 0)"!
L
LZ
. (2.4)
By (2.3), integrating the germs of C= vector "elds
m
i,a#
L
Lj
i
, g
i,a#
L
Lj
i
(i"1, 2, 3)
yields germs of C= di!eomorphisms
h~1a : (R3]R3, (0, 0))P(R3]R3, (0, 0)),
H~1a : (R3]R3, (0, 0))P(R3]R3, (0, 0)),
such that the following diagram commutes:
Thus, condition (b) of (iv
=
) is satis"ed.
Since
LH~1a
Lj
i
"g
i,a#
L
Lj
i
(i"1, 2, 3),
by (2.4) we see if aO!4 then the germ (H~1a (M0N]R3), (0, 0)) is transverse to the germ
(M0N]R3, (0, 0)) and therefore (Ha (M0N]R3), (0, 0)) is transverse to the germ (M0N]R3, (0, 0)). Thus,
condition (d) of (iv
=
) is also satis"ed if aO!4.
By Theorem 1.3, ga is C= right}left equivalent to g0 if aO!4. h
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2.3.
Let g
(a,b) : (R3,0)P(R3,0) be given by
g
(a,b) (x, y, z)"(x,xy#ayz#z2,bxy#y2),
where a,b3R.
Assertion 2.3. (1) g
(a,b) is C= right}left equivalent to g(0,0) if 4#a2bO0.
(2) g
(a,~4@a2) is C= right}left equivalent to g(1,~4) for any aO0.
Remark 2.3.1. (1) By using ‘Transversala, we see that the codimension of „A(g
(a,b)) in J4(3, 3) is 12
for a2b#4O0 and codimension of „A(g
(a,~4@a2)) in J4(3,3) is 17 for aO0. Thus, g(a,b) and
g
(1,~4)
are not C= right}left equivalent for a2b#4O0.
(2) By Remark 2.2.1(2) and Assertion 2.3(1), we see that g
(a,b) is not "nitelyA-determined for any
a,b3R. However, by the geometric characterization [7,34] g
(a,b) is "nitely K-determined for any
a,b3R. Thus, g
(a,b) is expected to behave better than fa in Example 2.1. Nevertheless, non-
connectedness of the parameter space prevents us from using the Ga!ney}du Plessis criterion
((1.23) of [11]) for either assertion.
(3) For any a,b with aO0, g
(a,b) is not C-equivalent to g(0,0) . Thus, for our method we need to
seek suitable coordinate transformations of the source space in advance.
(4) For either assertion, as by-products of the proof by using our method, we can easily obtain
simple concrete forms of germs of C= di!eomorphisms which give C= right}left equivalence.
Proof of Assertion 2.3(1). We see that
g
(0,0)
(x, y, z)"C
1 0 0
!a2b
4
y 1
a2
4
!by 0 1 D g(a,b) Ax, y, z!12ayB.
Thus, condition (a) of (iv
=
) is satis"ed.
We consider the C= deformation-germ of g
(0,0)
given by
G
(a,b)(x, y, z,j1 , j2 , j3)"g(0,0)(x, y, z)!C
1 0 0
!a2b
4
y 1
a2
4
!by 0 1 D C
j
1
j
2
j
3
D.
It is clear that
!LG(a,b)
Lj
2
" L
L>
and !LG(a,b)
Lj
3
"a2
4
L
L>
# L
LZ
.
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Furthermore, we see that
!LG(a,b)
Lj
1
"C
1
!a2b
4
y
!by D" LLX!a2b4 LLx(g(0,0))#a2b4 LLX#C
0
0
!byD
"!a2b
4
L
Lx
(G
(a,b) )#
(4#a2b)
4
L
LX
!b
2
L
Ly
(g
(0,0)
)#b
2C
0
x
0D
"!a2b
4
L
Lx
(G
(a,b) )#
(4#a2b)
4
L
LX
!b
2
L
Ly
(G
(a,b) )!
b
2C
0
!a2b
4
!b Dj1#b2(X#j1) LL>
"!a2b
4
L
Lx
(G
(a,b))!
b
2
L
Ly
(G
(a,b))#
(4#a2b)
4
L
LX
#1
8
(a2b2j
1
#4b(X#j
1
))
L
L>
#b2
2
j
1
L
LZ
.
Put
m
1,(a,b)"!
a2b
4
L
Lx
!b
2
L
Ly
, m
2,(a,b)"0, m3,(a,b)"0
and
g
1,(a,b)"!
(4#a2b)
4
L
LX
!1
8
(a2b2j
1
#4b(X#j
1
))
L
L>
!b2
2
j
1
L
LZ
,
g
2,(a,b)"!
L
L>
, g
3,(a,b)"!
a2
4
L
L>
! L
LZ
.
Then, we have
!LG(a,b)
Lj
i
"m
i,(a,b)(G(a,b) )!gi,(a,b) " (G(a,b) ,nj) (i"1, 2, 3) (2.5)
and
g
1,(a,b)(0, 0)"!
(4#a2b)
4
L
LX
, (2.6)
g
2,(a,b)(0, 0)"!
L
L>
, g
3,(a,b)(0, 0)"!
a2
4
L
L>
! L
LZ
. (2.7)
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By (2.5), integrating the germs of C= vector "elds
m
i,(a,b)#
L
Lj
i
, g
i,(a,b)#
L
Lj
i
(i"1, 2, 3)
yields germs of C= di!eomorphisms
h~1
(a,b) : (R3]R3,(0, 0))P(R3]R3,(0, 0)),
H~1
(a,b) :(R3]R3,(0,0))P(R3]R3,(0,0)),
such that the following diagram commutes:
Thus, condition (b) of (iv
=
) is satis"ed.
Since
LH~1
(a,b)
Lj
i
"g
i,(a,b)#
L
Lj
i
(i"1, 2, 3),
by (2.6) and (2.7) we see if 4#a2bO0 then the germ (H~1
(a,b)(M0N]R3),(0, 0)) is transverse to the germ
(M0N]R3,(0, 0)) and therefore (H
(a,b) (M0N]R3),(0, 0)) is transverse to the germ (M0N]R3,(0, 0)). Thus,
condition (d) of (iv
=
) is also satis"ed if 4#a2bO0.
By Theorem 1.3, g
(a,b) is C= right}left equivalent to g(0,0) if 4#a2bO0. h
Proof of Assertion 2.3(2). We see that
g
(1,~4)
(x, y, z)"C
1 0 0
1
a2
(a2!1)y 1 1
4
(a2!1)
! 4
a2
(a2!1)y 0 1 D g(a,~4@a2)Ax, y, z!12(a!1)yB.
Thus, condition (a) of (iv
=
) is satis"ed.
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We consider the C= deformation-germ of g
(1,~4)
given by
Ga(x, y, z,j1 , j2 , j3 )"g(1,~4)(x, y, z)!C
1 0 0
1
a2
(a2!1)y 1 1
4
(a2!1)
! 4
a2
(a2!1)y 0 1 D C
j
1
j
2
j
3
D.
It is clear that
!LGa
Lj
2
" L
L>
and !LGa
Lj
3
"1
4
(a2!1) L
L>
# L
LZ
.
Furthermore, we see that
!LGa
Lj
1
"C
1
1
a2
(a2!1)y
! 4
a2
(a2!1)yD" LLX# 1a2 (a2!1) LLx(g(1,~4))! 1a2 (a2!1) LLX
" 1
a2
(a2!1) L
Lx
(Ga )#
1
a2
L
LX
.
Thus, by putting
m
1,a"
1
a2
(a2!1) L
Lx
, m
2,a"0, m3,a"0
and
g
1,a"!
1
a2
L
LX
, g
2,a"!
L
L>
, g
3,a"!
1
4
(a2!1) L
L>
! L
LZ
,
we again obtain the equalities
!LGa
Lj
i
"m
i,a(Ga )!gi,a " (Ga , nj ) (i"1, 2, 3) (2.8)
and
g
1, a (0, 0)"!
1
a2
L
LX
, g
2,a(0, 0)"!
L
L>
, g
3,a(0, 0)"!
1
4
(a2!1) L
L>
! L
LZ
. (2.9)
Thus, again by integrating
m
i,a#
L
Lj
i
, g
i,a#
L
Lj
i
(i"1, 2, 3),
we see that condition (b) of (iv
=
) is satis"ed.
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By (2.9), condition (d) of (iv
=
) is also satis"ed if aO0.
Therefore, by Theorem 1.3, g
(a,~4@a2) is C= right}left equivalent to g(1,~4) if aO0. h
3. Strategy
In this section, we explain our strategy.
Let f : (Rn, 0)P(Rp, 0) be a C= map-germ and M : (Rn, 0)P(G‚(p,R),M(0)) be a Cr map-germ. We
treat two kinds of p-dimensional Euclidean space Rp. If we are considering Rp as the target space,
then we denote it by Rp
y
. If we are considering Rp as the parameter space, then we denote it by Rpj .
We suppose that the Cr deformation-germ F : (Rn]Rpj , 0)P(Rpy , 0) of f given by
F(x, j)"f (x)!M(x)j
is Cr trivial. Then, from the de"nition of Cr triviality, there exist germs of Cr di!eomorphisms
h : (Rn]Rpj , (0, 0))P(Rn]Rpj , (0, 0)) and H : (Rpy]Rpj , (0, 0))P(Rpy]Rpj , (0, 0)) such that diagram (*)
commutes, where nj : (Rn]Rpj , (0, 0))P(Rpj , 0),n@j : (Rpy]Rpj , (0, 0))P(Rpj ,0 ) are canonical projec-
tions.
From the commutativity of (*), we may write
h(x, j)"(h
1
(x, j), j)
and
H(y, j)"(H
1
(y, j), j).
Lemma 3.1. f (h
1
(x, g(s(x))))"H
1
(0, g(s(x))).
Proof. Take any point (x, j) of (F,nj)~1(M0N]Rpj). For this point (x, j),
g(s(x))!j"M(x)~1F(x, j)"0. Thus, we see j"g(s(x)). From the commutativity of (*), we have
f (h
1
(x, g (s (x))))"H
1
(0, g (s (x))). h
Lemma 3.2. If the map-germ from (Rpj , 0) to (Rpy , 0) given by
jCH
1
(0, j) (3.1)
is a germ of a Cr diweomorphism, then the map-germ given by
(x, j)C (h
1
(x, j),H
1
(0, j))
maps the set-germ (F~1(0), (0, 0)) onto the germ of the graph of f at (0, 0).
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Proof. Let u : (Rn]Rpj , (0, 0))P(Rn]Rpy , (0, 0)) be given by
u (x, j)"(h
1
(x, j),H
1
(0, j)).
Lemma 3.1 shows
u (F~1(0))Lgraph ( f ). (3.2)
Take any point (x, j) of Rn]Rpj!F~1(0). Then, from the commutativity of (*), we have
f (h
1
(x, j))"H
1
(F(x, j), j)
OH
1
(0, j).
This shows
u (Rn]Rpj!F~1(0))LRn]Rpy!graph ( f ). (3.3)
If the map-germ jCH
1
(0,j) is a germ of a Cr di!eomorphism, then the map-germ u is also a germ
of a Cr di!eomorphism. Eqs. (3.2) and (3.3) show that
(u (F~1(0)), (0, 0))"(graph ( f ), (0, 0)). h
Lemma 3.3. If the map-germ from (Rpj , 0) to (Rpy , 0) given by
jCH
1
(0, j)
is a germ of a Cr diweomorphism, then the endomorphism-germ of (Rn, 0) given by
xC h
1
(x, g (s (x))) (3.4)
is also a germ of a Cr diweomorphism.
Proof. The map-germ (3.4) can be decomposed as follows:
xC (x, g ( s (x)))C (h
1
(x, g (s (x))),H
1
(0, g (s (x))))C h
1
(x, g (s (x))). (3.5)
If the map-germ given by jCH
1
(0, j) is a germ of a Cr di!eomorphism, then the map-germ given
by
(x, j)C (h
1
(x, j),H
1
(0, j)),
which is denoted by u in the proof of Lemma 3.2, is also a germ of a Cr di!eomorphism. Since the
"rst map-germ is the germ of the graph of g " s at the origin, the composition of the "rst and the
second map-germs in (3.5) is also a germ of a Cr di!eomorphism to the germ of the set
(M(h
1
(x, g (s (x))),H
1
(0, g ( s (x)))) D x3RnN, (0, 0)). (3.6)
The last map-germ in (3.5) is the restriction of the canonical projection (Rn]Rp
y
, (0, 0)) P(Rn, 0)
to the germ of the set (3.6). By Lemma 3.2, (3.6) is equal to the germ of the set (graph ( f ),0). Thus, the
map-germ (3.4) is in fact a germ of a Cr di!eomorphism. h
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By Lemmata 3.1 and 3.3, we have:
Lemma 3.4. Under the above situation, if the map-germ from (Rpj , 0) to (Rpy , 0) given by
jCH
1
(0, j)
is a germ of a Cr diweomorphism, then f and g are Cr right}left equivalent.
Remark 3.1. (1) After composing the parallel translation (y, j)C (y!H
1
(0, j), j) with H, map-germ
(3.1) for the composed map-germ is the constant zero map-germ. Thus, map-germ (3.1) seems to be
meaningless. However, before composing the parallel translation, map-germ (3.1) is meaningful.
(2) The essential point of the above strategy is to pay attention to map-germ (3.1). Our method
di!ers from Martinet’s one [18] in this respect. Thanks to map-germ (3.1), we can treat C= map-
germs which are not necessarily C= stable. In fact, careful observations of map-germ (3.1) lead us to
Theorems 1.1}1.4.
(3) We are considering only Cr right}left equivalence of a very special type. Nevertheless, to our
surprise, in almost all cases it seems to be enough to consider only these special Cr right}left
equivalences.
(4) Our method works well even in topological cases [23}26].
4. Proofs of Theorems 1.1 and 1.3
4.1. (ii
3
)N(i
3
)
By Lemma 3.4, in order to prove (ii
3
)N(i
3
) it su$ces to show that the map-germ
u@
H
: (Rpj , 0)P(Rpy , 0) given by
jCH
1
(0, j)
is a germ of a Cr di!eomorphism.
We di!erentiate the following commutative diagram (**) with respect to the ith component ji of
the parameter variables j"(j
1
,2,jp) (1)i)p).
(**)
Then, we obtain germs of Cr~1 vector "elds m
i
: (Rn]Rpj , (0, 0))P(„Rn, mi (0, 0)) and
g
i
: (Rp
y
]Rpj , (0, 0))P(„Rpy , gi (0, 0)) such that
!LF
Lj
i
"m
i
(F)!g
i
" (F,nj )
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for any i (1)i)p). Since we have assumed that f has rank zero, we see
LF
Lj
i
(0, 0)"g
i
(0, 0)
for any i (1)i)p). Let H
i
: (R]Rp
y
, (0, 0))P(Rp
y
, 0) be the germ of the local #ow of g
i
. Then, we
can obtain the image u@
H
(j
1
,2,jp) of j"(j1 ,2,jp) by u@H as the unique solution of the integral
equation
H
1
(j
1
; H
2
(j
2
;2; Hp(jp ;u@H (j1 ,2,jp ))2)"0. (4.1)
We di!erentiate (4.1) with respect to j
i
. Then we obtain
g
i
(H
i‘1
j
i‘1
;2;Hp(jp ,u@H (j1 ,2,jp))2)#d(Hi)y2d(Hp)y
Lu@
H
Lj
i
(j
1
,2,jp)"0
for any i (1)i)p). Taking values at j"0 in this equality, we see
Lu@
H
Lj
i
(0)"!g
i
(0, 0)
"!LF
Lj
i
(0, 0)
"m
i
(0),
for any i (1)i)p), where M(x)"(m
1
(x),2, mp(x)). Since M(0) belongs to G‚ (p,R), we see that
u@
H
is a germ of a Cr di!eomorphism. h
4.2. (iv
3
)N(i
3
)
Again by Lemma 3.4, it su$ces to show that the map-germ u@
H
: (Rpj , 0)P(Rpy , 0) given by
jCH
1
(0, j)
is a germ of a Cr di!eomorphism.
We use the same notations as in Section 4.1. Just as in Section 4.1, we can obtain the image
u@
H
(j
1
,2,jp) of j"(j1 ,2,jp) by u@H as the unique solution of the integral equation
H
1
(j
1
; H
2
(j
2
;2; Hp (jp ; u@H (j1 ,2,jp))2)"0.
We di!erentiate this equality with respect to j
i
. Then we obtain
g
i
(H
i‘1
j
i‘1
;2;Hp(jp ,u@H (j1 ,2,jp))2)#d(Hi)y2d(Hp)y
Lu@
H
Lj
i
(j
1
,2,jp)"0
for any i (1)i)p). Taking values at j"0 in this equality, we see that
Lu@
H
Lj
i
(0)"!g
i
(0, 0)
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for any i (1)i)p). From condition (c) of (iv
3
), we see that the 2p vectors
g
1
(0, 0)# L
Lj
1
, g
2
(0, 0)# L
Lj
2
,2,gp(0, 0)#
L
Lj
p
,
L
Lj
1
,
L
Lj
2
,2,
L
Lj
p
are linearly independent in the vector space Rp
y
]Rpj . This means that the p vectors
g
1
(0, 0),g
2
(0, 0),2,gp(0, 0)
are linearly independent in the vector space Rp
y
. Thus, u@
H
is a germ of a Cr di!eomorphism. h
5. Proof of Theorem 1.2
We would like to perturb the matrices M(x) and M(s~1(x))~1 by constant matrices. First, we
present a lemma.
Lemma 5.1. Suppose that the Cr deformation-germ F : (Rn]Rpj , (0, 0))P(Rpy , 0) given by
F(x, j)"f (x)!M(x)j is Cr trivial. Then, the Cr deformation-germ
FI : (Rn]Rpj]Mp(R), (0, 0,Ep))P(Rpy , 0)
given by
FI (x, j,B)"f (x)!M(x)Bj
is also Cr trivial, where M
p
(R) is the set of all (p]p) matrices of real elements and E
p
is the (p]p) unit
matrix.
Proof. Since F(x, j)"f (x)!M(x)j is Cr trivial, there exist germs of Cr di!eomorphisms
h : (Rn]Rpj , (0, 0))P(Rn]Rpj , (0, 0)) and H : (Rpy]Rpj , (0, 0))P(Rpy]Rpj , (0, 0)) such that the following
diagram commutes, where nj : (Rn]Rpj , (0, 0))P(Rpj , 0), n@j :(Rpy]Rpj , (0, 0))P(Rpj , 0) are canonical
projections.
We let
hI : (Rn]Rpj]Mp(R), (0, 0,Ep ))P(Rn]Rpj]Mp(R), (0, 0,Ep)),
HI : (Rp
y
]Rpj]Mp(R), (0, 0,Ep))P(Rpy]Rpj]Mp(R), (0, 0,Ep))
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be germs of Cr di!eomorphisms given by
hI (x, j,B)"(h
1
(x,Bj), j,B),
HI (y, j,B)"(H
1
(y,Bj), j,B),
respectively, where h(x, j)"(h
1
(x, j), j) and H(y, j)"(H
1
(y, j), j). Then, since
f " hI (x, j,B)"f " h
1
(x,Bj)
"H
1
(F(x,Bj),Bj)
"H
1
(FI (x, j,B),Bj),
we see that the following diagram commutes, where nj,B : (Rn]Rpj]Mp(R), (0, 0,Ep ))P
(Rpj]Mp(R), (0, Ep )) is the canonical projection.
Clearly the following diagram commutes, where n@j,B : (Rpy]Rpj]Mp(R), (0, 0,Ep ))P
(Rpj]Mp(R),(0,Ep)) is the canonical projection.
These two commutative diagrams show that FI is Cr trivial. h
Now, we start to prove that (iii
3
) implies (i
3
). Since F(x,j)"f (x)!M(x)j is Cr trivial, by Lemma
5.1 FI (x, j,B)"f (x)!M(x)Bj is also Cr trivial. Thus, we obtain germs of Cr~1 vector "elds
mI
i
: (Rn]Rpj]Mp(R), (0, 0,Ep))P(„Rn, mI i(0, 0,Ep )),
mI
jk
: (Rn]Rpj]Mp(R), (0, 0,Ep))P(„Rn, mI jk (0, 0,Ep )),
g8
i
: (Rp
y
]Rpj]Mp(R), (0, 0,Ep ))P(„Rpy , g8 i (0, 0,Ep)),
g8
jk
: (Rp
y
]Rpj]Mp(R), (0, 0,Ep ))P(„Rpy , g8 jk (0, 0,Ep)),
such that
!LFI
Lj
i
"mI
i
(FI )!g8
i
" (FI , nj,B) (5.1)
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and
! LFI
Lb
jk
"mI
jk
(FI )!g8
jk
"(FI ,nj,B) (5.2)
for any i, j, k (1)i, j, k)p), where b
jk
is the ( j, k) entry of B.
For any matrix A"(a
1
,2,ap)3Mp (R), we consider the Cr deformation-germ
F
A
: (Rn]Rpj]Mp(R), (0, 0,Ep ))P(Rpy , 0)
given by
F
A
(x, j,B)"f (x)!(A#M(x)B)j.
We put
g
i,A
(y, j,B)"!a
i
#g8
i
(y#Aj, j,B),
g
jk,A
(y, j,B)"g8
jk
(y#Aj, j,B)
for any i, j, k (1)i, j, k)p) and any A"(a
1
,2,ap) of Mp(R). Then, by (5.1) and (5.2) we have
!LFA
Lj
i
"mI
i
(F
A
)!g
i,A
" (F
A
, nj,B ) (5.3)
and
!LFA
Lb
jk
"mI
jk
(F
A
)!g
jk,A
" (F
A
, nj,B) (5.4)
for any i, j, k (1)i, j, k)p).
By (5.3) and (5.4), if we integrate germs of Cr~1 vector "elds
mI
1
# L
Lj
1
,2, mI p#
L
Lj
p
,
mI
11
# L
Lb
11
,2, mI pp#
L
Lb
pp
and
g
1,A
# L
Lj
1
,2, gp,A#
L
Lj
p
,
g
11,A
# L
Lb
11
,2, gpp,A#
L
Lb
pp
,
then we obtain germs of Cr di!eomorphisms
h~1
A
: (Rn]Rpj]Mp(R), (0, 0,Ep))P(Rn]Rpj]Mp(R), (0, 0,Ep ))
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and
H~1
A
: (Rp
y
]Rpj]Mp(R), (0, 0,Ep ))P(Rpy]Rpj]Mp(R), (0, 0,Ep ))
such that both of the following two diagrams commute, where nj,B : (Rn]Rpj]Mp(R), (0, 0,Ep ))P
(Rpj]Mp(R), (0, Ep )),n@j,B :(Rpy]Rpj]Mp(R), (0, 0,Ep ))P(Rpj]Mp(R), (0, Ep )) are canonical projec-
tions.
We de"ne the Cr map-germ
u@
HA
: (Rpj]Mp (R), (0, Ep))P(Rpy , 0)
as
u@
HA
(j, B)"H
A
(0, j,B)
and consider the germ of its restriction
u@
HA
DRpjCMBN : (Rpj , 0)P(Rpy , 0)
for B su$ciently near the unit matrix E
p
. For any i, j, k (1)i, j, k)p), we let
H
i,A
and H
jk,A
: (R]Rp
y
, (0, 0))P(Rp
y
, 0) be the germs of the local #ow of g
i,A
and g
jk,A
, respectively.
Then we can obtain the image u@
HA
(j
1
,2,jp , b11 ,2, bpp) of (j,B)"(j1 ,2,jp , b11 ,2, bpp) by
u@
HA
as the unique solution of the integral equation
H
1,A
(j
1
;2; Hp,A (jp ; H11,A(b11 ;2;Hpp,A(bpp ;u@HA (j1 ,2, jp , b11 ,2, bpp))2)"0.
We di!erentiate this equation with respect to j
i
. Then we have
g
i,A
(H
i‘1,A
(j
i‘1
;2; Hpp,A (bpp ; u@HA (j,B))2)#d(Hi,A)y2d(Hpp,A )y
Lu@
HA
Lj
i
(j
1
,2, bpp)"0
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for any i (1)i)p). Taking values at j"0 and B"E
p
in this equality, we obtain
Lu@
HA
Lj
i
(0, E
p
)"!g
i,A
(0, 0,E
p
)
"!LFA
Lj
i
(0, 0,E
p
)!d(F
A
)
0
(mI
i
(0, 0,E
p
))
"!LFA
Lj
i
(0, 0,E
p
)!d( f )
0
(mI
i
(0, 0,E
p
))
"a
i
#m
i
(0)!d( f )
0
(mI
i
(0, 0,E
p
))
for any i (1)i)p), where m
i
(x) is the ith column vector of M. Since mI
i
is independent on A and
continuous with respect to B"[b
ij
], this equality shows
Lemma 5.2. There exists an open dense subsetU of M
p
(R) such that, for any matrix A inU, there exists
a neighborhood V
A
of E
p
in M
p
(R) such that the germ of the restriction
u@
HA
DRpjCMBN : (Rpj , 0)P(Rpy , 0)
is a germ of a Cr diweomorphism for any B in V
A
.
Furthermore, it is easy to show:
Lemma 5.3. For any matrix A in M
p
(R), there exists an open dense subset W
A
of M
p
(R) such that
A#M(0)B is invertible for any B in W
A
.
Therefore, by Lemma 3.4, we have:
Lemma 5.4. For any (p]p) matrix A in U, the C= map-germ f and the Cr map-germ g
A,B
are
Cr right}left equivalent for any B in V
A
WW
A
. Here, g
A,B
is given by g
A,B
(x)"
(A#M(s~1(x))B)~1f (s~1(x)).
Next, we take a matrix A
0
in UWG‚(p,R) and "x it. We put
N
A0
(x)"(n
1
(x),2,np(x))"M(s~1(x))~1A0 .
For any matrix B"(b
1
,2,bp )3VA0 WWA0 , we de"ne the Cr map-germ
G
A0 ,B
: (Rn]Rpj , (0, 0))P(Rpy , 0)
as
G
A0 ,B
(x, j)"(N
A0
(x)#B)(g
A0 ,B
(x)!j)
"(N
A0
(x)#B)g
A0 ,B
(x)!(N
A0
(x)#B)j.
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Then, since
g(x)"M(s~1(x))~1(A
0
#M(s~1(x))B)(A
0
#M(s~1(x))B)~1f (s~1(x))
"M(s~1(x))~1(A
0
#M(s~1(x))B)g
A0 ,B
(x)
"(N
A0
(x)#B)g
A0 ,B
(x),
we see that G
A0 ,B
is a Cr deformation-germ of g.
We put
G
A0
(x, j)"g(x)!N
A0
(x)j.
Since we have assumed that G(x, j)"g(x)!M(s~1(x))~1j is Cr trivial, by Lemma 5.1 we see that
G
A0
is also Cr trivial. We di!erentiate the commutative diagram for G
A0
with respect to j
i
. Then
we obtain the germs of Cr~1 vector "elds u
i,A0
: (Rn]Rpj , (0, 0))P(„Rn,ui,A0 (0, 0)) and
h
i,A0
: (Rp
y
]Rpj , (0, 0))P(„Rpy ,hi,A0 (0, 0)) such that
!LGA0
Lj
i
"u
i,A0
(G
A0
)!h
i,A0
" (G
A0
, nj) (5.5)
for any i (1)i)p), where nj : ( Rn]Rpj ,(0, 0))P(Rpj , 0) is the canonical projection.
We put
h
i,(A0 ,B)
(y,j)"!b
i
#h
i,A0
(y#Bj, j)
for any i (1)i)p). Then, by (5.5) we have
!LGA0 ,B
Lj
i
"u
i,A0
(G
A0 ,B
)!h
i,(A0 ,B)
" (G
A0 ,B
,nj ) (5.6)
for any i (1)i)p). By (5.6), integrating the germs of Cr~1 vector "elds
u
1,A0
# L
Lj
1
,2,up,A0 #
L
Lj
p
and
h
1,(A0,B)
# L
Lj
1
,2,hp,(A0 ,B)#
L
Lj
p
yields germs of Cr di!eomorphisms
h~1
A0,B
: (Rn]Rpj , (0, 0))P(Rn]Rpj , (0, 0))
and
H~1
A0 ,B
: (Rp
y
]Rpj , (0, 0))P(Rpy]Rpj , (0, 0))
which give the Cr triviality for G
A0 ,B
.
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Since
Lu@
HA0,B
Lj
i
(0)"!h
i,(A0 ,B)
(0,0)
"!LGA0 ,B
Lj
i
(0,0)!d(G
A0,B
)
0
(u
i,A0
(0,0))
"!LGA0 ,B
Lj
i
(0,0)!d(g)
0
(u
i,A0
(0,0))
"n
i
(0)#b
i
!d(g)
0
(u
i,A0
(0,0))
for any i (1)i)p), there exists an open dense subsetX
A0
ofV
A0
WW
A0
such that u@
HA0,B
is a germ
of a Cr di!eomorphism for any B in X
A0
. Thus, by Lemma 3.4, we have:
Lemma 5.5. For any A
0
in U there exists a matrix B in V
A0
WW
A0
such that g and g
A0 ,B
are
Cr right}left equivalent.
By Lemmata 5.4 and 5.5, f and g are, in fact, Cr right}left equivalent. h
6. Proof of Theorem 1.4
It su$ces to show that (i
=
)N(iii
=
) and (i
=
)N(iv
=
).
We suppose that there exist germs of C= di!eomorphisms s : (Rn, 0)P(Rn, 0) and t:(Rp, 0)P(Rp,0)
such that f (x)"t " g " s(x). By using the Taylor expansion of t : (Rp, 0)P(Rp, 0), we can easily
construct a C= map-germ ‚ : (Rp, 0)P(G‚ (p,R),‚(0)) such that
f (x)"‚(g (s (x)))g (s (x))
"‚(t~1( f (x)))g (s(x)).
In order to show the C= triviality of F(x, j)"f (x)!‚(t~1( f (x)))j, we put h(x, j)"(x, j) and
H~1(y, j)"(y!‚(t~1(y))j, j). In order to show the C= triviality of G(x, j)"g(x)!‚(g(x))~1j, we
put h(x, j)"(x, j) and H~1(y, j)"(y!‚(y)~1j,j). In both cases, the diagrams are commutative.
Since the matrix ‚(0) belongs to G‚(p,R), the 2p]2p matrix
C
!‚(0) E
p
O
p
E
p
D
is an invertible matrix, where E
p
(resp. O
p
) is the p]p unit matrix (resp. zero matrix). Thus, the
germ (H~1(M0N]Rpj ), 0) is transverse to the germ (M0N]Rpj , 0) and therefore the germ
(H(M0N]Rpj), 0) is transverse to the germ (M0N]Rpj , 0). h
From the proof, we see also that (i
r
)N(iii
r~1
) and (i
r
)N(iv
r~1
) (1(r(R).
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